Quantum chromodynamics is a non-Abelian gauge theory of strong interactions, in which the parity symmetry can be violated by the non-trivial θ-vacuum tunneling effects. The θ-vacuum induces the local parity odd domians. Those reactions that occur in these domains can be affected by the tunneling effects and quantities become parity odd. In this paper we consider the fragmentation process where parity odd fragmentation functions are introduced. We present the fragmentation functions by decomposing the quark-quark correlator. Among the total 16 fragmentation functions, 8 of them are parity conserved, and the others are parity violated. They have a one-to-one correspondence. Positivity bounds of these one dimensional fragmentation functions are shown. To be explicit, we also introduce a operator definition of the parity odd correlator. According to the definition, we give a proof that the parity odd fragmentation functions are local quantities and vanish when sum over all the hadrons h.
I. INTRODUCTION
Quantum chromodynamics (QCD) is a fundamental nonAbelian gauge theory of strong interactions. It has two outstanding properties, asymptotic freedom and quark confinement. However, the axial vector current is not conserved in QCD because it can obtain quantum corrections from the triangle diagrams duo to the complex structure of the QCD vacuum. It is known that the axial vector current anomaly, Adler-Bell-Jackiw anomaly [1] , is related to a deviation of the QCD Lagrangian which is known as the θ-term [2] [3] [4] , µν G µν . The θ-term indicates that the physical vacuum, θ-vacuum, state is a superposition of the n-vacua states [5] [6] [7] . The vacuum to vacuum transition amplitude is determined by the topological charge (density) which is just equal to the θ-term. The parity violating effect is not expected in perturbative QCD, but the θ-term in the QCD Lagrangian can violate the parity and charge-parity symmetries and give rise to the strong CP problem [8, 9] . Though the measurements of electric dipole moment of neutron indicate that the parity violation is local [10] , it has been shown that the local P-odd effects can be directly observed [11] , e.g, the P-odd θ-term can leads to the famous chiral magnetic effect in heavy ion collisions [12] . Even in the fragmentation process, the P-odd effects play a role of inducing the P-odd fragmentation functions (FFs) and the effects can be detected in experiments through physical observables, e.g., handedness correlation and azimuthal asymmetries [13] [14] [15] .
Thanks to the asymptotic freedom, many high energy reactions can be studied in the form of factorization theorems [16] , which separate the calculable hard parts from the nonperturbative soft parts in the cross sections. If only the fragmentation process is taken into consideration, the nonperturbative soft parts are usually factorized as FFs. In field theory the FFs are often given by the operator definitions which are determined by the quark-quark correlators. The quark-quark correlators satisfy two constraints, Hermiticity and parity conservation. Because of the presence of the gauge link and final state interactions between the specified hadron and the rest debris from the collision, time-reversal puts no constraint on the correlator. By considering the non trivial θ-vacuum tunneling effects, parity conservation also imposes no constraint on the correlator. In this case the P-odd FFs can emerge as well as the P-even FFs in the fragmentation process [14] .
Being important quantities in describing the high energy reactions, FFs are non-perturbative quantities which cannot be calculated with perturbative theory, they are mainly determined by phenomenological models and experiment data. In practice to determine these FFs, positivity bounds have to be used. Positivity bounds are model-independent constraints for FFs. They can be derived by using the optical theorem which relates these FFs to parton-hadron scattering amplitudes [17] [18] [19] . In this paper we discuss these properties of the P-odd FFs. We also separate the quark-quark correlator into a P-odd part and a P-even part and introduce a definition of the P-odd correlator. According to the definition of the P-odd correlator, we prove that FFs are local quantities which vanish when sum over all the hadrons h. This indicates that the P-odd FFs can be detected only on event-by-event basis.
In this paper we only consider FFs. In Sect. II we give a brief introduction to the non-trivial θ-vacuum which induces that P-odd FFs in the fragmentation process. The decomposition of the correlator at leading twist is given in Sect. III. In Sect. IV we present the positivity bounds of FFs. By introducing a definition of the P-odd correlator, we also present a proof that the P-odd FFs are local quantities. Finally, a brief summary is given in Sect V.
II. NON-TRIVIAL θ-VACUUM
As mentioned in the introduction, the axial vector current is not conserved in QCD, it can obtain the quantum corrections from the triangle diagrams duo to the complex structure of the QCD vacuum. The divergence of the axial vector current is given by
where g is the strong interaction coupling constant. G µν is the full field strength tensor of the gauge field. The dual field strength tensor is defined asG µν = 1 2 ǫ αβµν G αβ . In fact, the pseudoscalar term can be written as a total divergencẽ
Using the boundary condition A µ = 0 at spatial infinity, one finds that the axial vector current satisfies the equation,
It is known that integral is zero because of the surface (σ µ ) integral. However, this equation is not correct because the boundary condition is not being chosen correctly. 't Hooft argued that A µ should be a pure gauge at spatial infinity [5] .
The vacuum state of a theory is often defined as the state with the minimal energy. In a non-Abelian gauge theory, the minimal energy can be defined to be zero with the configuration A µ = 0. This is not the only configuration with zero energy, because every transformation of A µ = 0 is still a state with minimal energy,
Putting A µ = 0 into this equation yield the configuration of pure gauge, A pure µ
In the temporal gauge A 0 = 0, one can classify these vacuum configuration by requiring Ω going to unity as r → ∞,
This assumption ensures that the surface integral over the current K µ in Eq. (2.3) does not vanish. The integer n which is closely related to the current is determined by an integral over the pure gauge fields [4] ,
It is known that the physical vacuum state is a superposition of the n-vacua sates [5] [6] [7] . Assuming the n-vacua state, labeled by the winding number n, is |n . Then the true physical vacuum, θ-vacuum, state can be expressed as a superposition of |n , |θ = n e −inθ |n , with θ being a real number. Considering a vacuum to vacuum transition between two vacua at t = ±∞, we have
By using the path integral formation, the transition amplitude can be expressed by [4] ,
where ν is the difference of the winding numbers and is given by the transition from a configuration with n − at t = −∞ to one with n + at t = +∞,
Introducing the topological charge density, ∂ µ j µ5 = Q, we obtain ν = d 4 xQ. This indicates the vacuum transition is determined by the topological charge (density).
In Eq. (2.8), the effective action
µν G µν has been added to the customary QCD Lagrangian:
By utilizing Eq. (2.1) with j µ5 =ψγ µ γ 5 ψ, the Lagrangian can be rewritten as:
whereθ µ = ∂ µ θ. Since θ is a pseudoscalar field,θ can be taken as a pseudovector.θ is different from the vector field potential, A µ , it plays a role of the potential coupling to the axial vector current which is determined by the topological charge (density) Q. It is can be seen that the θ-term in the QCD Lagrangian is parity violated (G µν G µν = −4 B · E). It forms a domain in which interactions are affected by the non-trivial θ-vacuum tunneling effects. Fragmentation functions are P-even quantities because strong interaction is parity conserved. However, P-odd FFs can emerge when fragmentation processes go through these P-odd domains. In the following context we present the FFs for spin-1/2 hadrons and shown some properties of them.
We note here that the θ-term have one more origin, the chiral transformation. We do not illustrate this transformation in this paper, one can refer to the famous textbook [3] for details.
III. FRAGMENTATION FUNCTIONS
In the quantum field theoretical formulation, FFs are given by the quark-quark correlators. The quark-quark correlator takes the following form,
where k and p h are the momenta of the quark and produced hadron. L(ξ, ∞) is the gauge link. Because of the transverse component of gauge field, the gauge link does not disappear in light-cone gauge A + = 0. However, the appearance of gauge links in Eq. (3.1) has no influence on the following discussions. Therefore, we just omit it for simplicity in the following context. By integrating over k − , we can obtain the transverse momentum dependent (TMD) correlator which is a 4 × 4 matrix in Dirac space depending on the hadron state. Thus, the correlator can be decomposed in terms of the Γ matrices, i.e.,
The decomposition can be written explicitly as,
As a consequence of parity constraint, at leading twist the coefficients in Eq. (3.2) can be rewritten as the products of Lorentz covariants and scalar functions [21] ,
wheren is lightlike unit vector, λ and S T are the helicity and the transverse component of the spin of the nucleon. We have defined the shorthanded notation
. For simplicity, we have omit the arguments (z, k T ) of these function. We also use D, G and H to denote the unpolarized, longitudinal polarized and transverse polarized quarks distributions. The subscript L, T denote the longitudinal and transverse polarization of the produced hadron. Superscript ⊥ specifies the quark transverse momentum dependence FFs and subscript 1 denotes the leading-twist FFs. One dimensional or integrated FFs can be obtained by taking integration over k T . Therefore, only three one dimensional FFs are left, they are D 1 (z), G 1L (z) and H 1T (z).
Without the parity constraint, we need to consider the P-odd FFs which are induced by the non-trivial θ-vacuum tunneling effects.
where superscript P is used to represent the P-odd quantities,
1T . D, G and H are used to denote the unpolarized, longitudinal polarized and transverse polarized quarks fragmenting into hadrons. They have a one-toone correspondence to D, G and H. Hence, among the total 16 FFs, 8 of them are parity conserved, and the others are parity violated. The one dimensional P-odd FFs are similar to the P-even ones, they are D 1 (z), G 1L (z) and H 1T (z).
We note here that the definitions of the P-odd FFs given in Eqs. 1T in the former definitions. This would be misunderstood. To avoid this misunderstanding, we require that the P-odd FFs have the very same forms to the P-even FFs in this paper. The cost of these definitions is that P-odd factors should be introduced in the decomposition of the quark-quark correlator in order to keep the cross section P-even, e.g., a γ 5 factor should be introduced in Eq. (3.6).
Leading-twist one dimensional FFs have an interpretation as probability densities. D 1 (z) is the number density of finding an unpolarized hadron inside an unpolarized quark. G 1L is the number density difference of quarks with helicity + and quarks with helicity −. It is known as longitudinal spin transfer function. H 1T (z) is the transverse spin transfer function which is interpreted as the number density difference of quarks with transverse polarization ↑ and quarks with transverse polarization ↓. We note that H 1T admits the probabilistic interpretation only in the transverse polarization basis. For the P-odd FFs, they do not have the probabilistic interpretations, they are only reflections of the parity violations. However, the P-odd FFs are not the simple extensions of the P-even ones, they reflect the complex QCD vacuum structure. Furthermore, azimuthal asymmetries induced by the P-odd TMD FFs provide us an alternative to study the non-trivial QCD vacuum [15] .
For the higher twist P-even and P-odd FFs, they can also be obtained by decomposing the quark-quark and quark-j-gluonquark correlators [21, 22] . We do not repeat the decompositions in this paper. We also note here that the way we introducing these FFs seems different from ref. [23] . However, they can yield the same results. There is one more advantage to use employ the definition in this paper or ref. [21, 22] . When higher twist contributions are taken into consideration, the relationships between the quark-quark correlators and quarkgluon-quark correlators obtained form the QCD equation of motion are often used to eliminate the independent FFs. By using the definitions used in ref. [21, 22] , the relationships can be written as unified forms.
IV. PROPERTIES OF FRAGMENTATION FUNCTIONS
By using the optical theorem, the fragmentation process can be described by the u-channel forward amplitude, A λΛ ′ λ ′ Λ , where λ, λ ′ are the helicities of the incoming and outgoing quarks while Λ, Λ ′ are the helicities of the initial and final hadrons. There are 16 amplitudes in total, as a consequence of the parity, time-reversal and helicity conservation constraints, only three independent amplitudes are left,
To illustrate the positivity bounds, we first define the P-even and P-odd quark-hadron vertices a λΛ ′ and a P λΛ ′ , see Fig. 1 . We can use the optical theorem to relate the amplitudes to the three leading-twist one dimensional FFs [17] [18] [19] :, 
Considering the inequality relation, X |a ++ ± a −− | 2 ≥ 0, and using the parity invariance constraint, we can obtain the Soffer's inequality
The previous discussions of the P-even FFs are not novel. But, they can be applied to the P-odd case equally, hence we present them explicitly here. In the following context, we show a general discussion and introduce a definition of the P-odd correlator based on this discussion. We consider the P-odd and P-even FFs simultaneously. For the amplitudes shown above, we have where supercript t denotes the whole amplitude including both the P-even vertex and the P-odd vertex. Those first terms on the right hand side in Eqs. (4.7)-(4.9) correspond to the P-even FFs while other terms contribute to the P-odd ones. To obtain these relations, we have used a * λΛ ′ a λΛ ′ = a P * λΛ ′ a P λΛ ′ . For the Podd amplitudes, we have A P λΛ ′ ,λ ′ Λ ∼ 2Re(a P * λΛ ′ a λ ′ Λ ). Thus, the inequalities shown above also apply here:
Here we need an explanation to the P-odd amplitudes. There are 16 amplitudes in total, but only three of them are left when impose the parity, time-reversal and helicity conservation constraints. We note that the parity constraint used to eliminate the correlated amplitudes puts no constraint on the P-odd amplitudes (vertices). The reason is P-odd amplitudes are localized in a small domain, the parity violated effects can be reduced completely when sum over all the events at the macroscopic level. This means the P-odd effect in QCD is local and it can only be "seen" on the event-on-event basis. In other words, the P-odd amplitudes are local quantities, they do not contradict to the global parity constraint.
The correlator shown in Eq. (3.1) contains both the P-even and P-odd components [14] . However, it is more convenient to separate the two components for more detailed discussions,
Inspired by the current theory ( j µ =ψγ µ ψ, j µ5 =ψγ µ γ 5 ψ) and the weak interaction (ψγ
, we can introduce the P-odd correlator immediately by the replacement, ψ → γ 5 ψ. Furthermore, by introducing the P-odd parton-hadron vertex, we obtained the P-odd amplitudes. According to the previous discussion, it can be seen that the inequalities of the P-odd FFs are straightforward extensions of the P-even ones. This indicates the P-odd and P-even correlators should have similar forms and the replacement is reasonable. However, we should keep in mind that the replacement is just a formal one. In this case, we introduce the P-odd correlator with the following form,
This definition may not be the unique definition of the P-odd correlator. However, it seems that it is an economical one and it can help us for more detailed discussions of the P-odd FFs.
We will see in the following context. Parity odd quantities induced by the non-trivial θ vacuum tunneling effect are local quantities, FFs are of no exception. This means that these FFs should vanish when sum over all the final hadrons h because of being local quantities. To study this unique property of these FFs, in the following context we give a proof to illustrate this. For now we start from the definition of the P-even correlator. The P-odd one can be given in a similar way. The P-even correlator can be rewritten with the creation (a † h ) and annihilation (a h ) operators [24] ,
We note here that the FFs obtained above are defined in a reference frame where the produced hadron has no transverse momentum. For the following calculations, it is convenient to switch to a frame where the quark does not have the transverse momentum. We first calculate the following integration,
, whereΞ [Γ] (z) denotes one dimensional FF specified by the Γ-matrix. By summing over all hadrons h, the integration can be rewritten as 15) where the momentum operator p + is given by
The sum of all hadrons h plays a important role. It indicates that contributions of all of the final hadrons h can be replaced by a single one when the momentum operator acts on a special state. So, we insert a complete set of quark states and obtain the following expression
, (4.17) where k ′ , s ′ denotes the quark momentum and spin, respectively. By using ψ(x)|k = u(k)e −ikx |0 and taking the integration over k and ξ, we finally have
(4.18)
As argued in ref. [25] , D 1 is defined by a spin average rather than a spin summation for a spin 1/2 hadron. Hence, one has to multiply a factor (2s + 1) for a spin 1/2 hadron to obtain the sum rule of D 1 (z),
The sum of the hadron spins is important and this is the main reason why the sum rules of the polarization dependence FFs do not exist. As mentioned before, the sum of all hadrons h is crucial in the derivation. It indicates that the sum of all the hadrons' momenta is equal to the quark's momentum. In other words, the momentum sun rule, Eq. (4.19), is equivalent to the momentum conservation law in fragmentation process.
All the hadrons h act as a single quark.
Following the same derivation given in Eqs. (4.14)-(4.18) and using the definition of the P-odd correlator, we can obtain the following equation The detailed derivations are shown in appendix. It is straightforward to obtain the relations of D(z) and G 1L (z). However, H 1T (z) it is another thing. Because H 1T (z) is chiral-odd FF, it must company with another chiral-odd FF to contribute to the cross section. In this case, we consider the following way.
As we know that the differential cross section can be expressed as a contraction of the leptonic tensor and hadronic tensor in high energy reactions. In annihilation process the hadronic tensor can be written as a trace
Decomposing the correlators in Eq. (4.22) with only chiralodd FFs at leading twist, the hadronic tensor can be given by the following trace
We see that Eq. (4.23) is just the term which rises the double spin asymmetry in annihilation process. For the calculation of the P-odd process, we recall the replacement ψ → γ 5 ψ by introducing the definition of the correlator. Since there is one more factor γ 5 in the correlator, the decomposition of the correlator with Dirac matrices must also have one more γ 5 . This just corresponds to the statement at the end of the second paragraph below Eq. (3.8) and proves the importance of introducing the definition of P-odd correlator. As mentioned at the end of the third paragraph below Eq. (3.8), the P-odd FFs are not the simple extensions of the P-even ones, but corollaries of the decomposition of the P-odd correlator (Eq. (4.12) ). By introducing a γ 5 in the trace, we have
It is can be easily checked that Eq. (4.24) gives no contribution, as expected, when contracts with the leptonic tensor. Leptons are not affected by the strong interactions, so the leptonic tensor is unchanged. As mentioned before, the sum rule of D 1 (z) denotes the momentum conservation law in fragmentation process. However, Eq. reduce the non-trivial θ-vacuum tunneling effects by averaging all the fluctuation events. The same arguments apply to G 1L (z) and H 1T (z).
Even though the P-odd FFs vanish when sum over all the hadrons h because of local quantities, they can be measured on the event-by-event basis. By applying the notations used in this paper, it is can be shown that the double spin asymmetry has one more origin [15] , e.g., A
From the quarks point of view, it corresponds to the quark-antiquark transverse polarization correlation c q nn , see Fig. 2 (The derivation is given in the appendix.). If quarks propagate in the domain where magnetic field B acts as background field, the quarks' spins can be aligned along the B field direction. It means that the quark-antiquark transverse polarization correlation c q nn is violated. It is can be seen from the deformations of the curves shown in Fig. 2 . Though the alternative origin of the double spin asymmetry that companies with H 1T makes it difficult to extract the cos(φ S 1 + φ S 2 ) effect from experiments measurement, it is important to determine the P-odd FFs.
V. SUMMARY
When quarks enter in P-odd domains formed by the nontrivial θ-vacuum tunneling effects, the P-odd FFs can be induced in fragmentation processes. In this paper we give a discussion about these P-odd FFs. In the quantum field theoretical formulation, FFs are given by the quark-quark correlator. Since correlator is a 4 × 4 matrix in Dirac space, we can decompose them with the Dirac matrices. By decomposing the correlator, we obtain 16 FFs in total at leading twist, 8 of the are parity violated while the others are parity conserved. These P-odd FFs and P-even FFs have a one-to-one correspondence and they can be discussed simultaneously. To study the positivity bounds, we define both the P-even and Podd parton-hadron vertices. We find that the inequalities of the P-even one dimensional FFs still apply to the P-odd ones. In our discussions, we find that it is convenient to separate the P-odd and the P-even components in the correlator, hence we haveΞ
Inspired by the current theory ( j µ =ψγ µ ψ, j µ5 =ψγ µ γ 5 ψ) and the weak interac-
, we introduce an economical definition of the P-odd correlator. We emphasize again the importance of introducing the definition of the P-odd correlator. It not only provides us an economical way to study the properties of P-odd FFs but also indicates that the P-odd FFs are not the simple extensions of the P-even ones but corollaries of the decomposition of the P-odd correlator. Based on this definition we present a proof that P-odd FFs vanish when sum over all hadrons h because of being local quantities. An argument is that the sum of all the hadrons can completely reduce the nontrivial θ-vacuum tunneling effects by averaging all the fluctuation events. However, local quantities can be measured on the event-by-event basis. For example, double spin asymmetry, A cos(φ S 1 +φ S 2 ) T T ∼ H 1TH1T + H 1TH1T , can be used to extract the P-odd FFs on this basis.
When the TMD FFs are taken into consideration, the sensitive quantities studied in experiments are often different azimuthal asymmetries. By measuring these asymmetries, we can extract the P-odd FFs which are important quantities in revealing the non-trivial vacuum structures in QCD in high energy reactions. However, the measurement of electric dipole moment of neutron indicates a stringent limits on θ (< 3 × 10 −10 ). This may disappoint us because of the small magnitude of these asymmetries. But this can also inspire us to study more about the dynamics of the interactions in the Podd domains. Furthermore, measurements of the P-odd asymmetries provide us an alternative way to study the parity violation in QCD. Parton distribution functions are taken as the counterparts of FFs, they shall have the same properties. 
.
Here we only consider the first part in the definition of the Podd correlator, the second part can be shown in the same way. By summing over all hadrons h and using the definition of the momentum operator, one finds
Inserting a complete set of quark states and using ψ(x)|k = u(k)e −ikx |0 , we have
When the second part in the P-odd correlator is added, we obtain the complete equation
By inserting Γ = γ + , γ + γ 5 , we can obtain
To be explicit, we require the first part in the P-odd correlator has "positive" contribution. Then the sum of all the hadrons h act as a single "positive" quark while the counterpart or second part acts as a single "negative" quark with the same contribution. Assuming there is a function f P denoting the implicit contribution, thus we have f When both electromagnetic and weak interactions are taken into consideration, the differential cross section of the electron-positron annihilation process (e + e − → qq) can be given by
where y = (1 + cos θ)/2, θ is the scattering angle, A(y)
The coefficients N c , α and e q denote the color factor, fine structure constant and quark charge, respectively. T 
where M Z and Γ Z are the mass and decay width of Z 0 boson. θ W is Weinberg angle.
In electron-positron annihilation process, the quarkantiquark transverse polarization correlation is defined as [27] 
wherem is the helicity amplitudes and the subscripts + or − denotes quark or antiquark is in s n = 1 2 or s n = − 1 2 states. Here n is taken as the normal of the the production plane. By calculating the helicity amplitudes, the quark-antiquark transverse polarization correlation can be calculate as 
To see the angle dependence of the quark-antiquark transverse polarization correlation, we plot Eq. (B8) in Fig. 2 .
Under the condition of the collinear factorization, we obtain .
In our derivation we ignore the interchange between the quark and antiquark FFs because it does not affect the derivation. One may find out that we require n being the normal of the the production plane to obtain Eq. (B10). If this constraint is released, that is n could point anywhere, we havẽ 
We can see that Eq. (B11) just corresponds to the double spin asymmetry.
